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Let f be a continuous function on [ —1, 1], which changes its monotonicity
finitely many times in the interval, say s times. In the first part of this paper we have
discussed the validity of Jackson type estimates for the approximation of f by
algebraic polynomials that are comonotone with it. We have proved the validity of
a Jackson type estimate involving the Ditzian-Totik (first) modulus of continuity
and a constant which depends only on s, and we have shown by counterexamples
that in many cases the Jackson estimates involving the DT-moduli do not hold
when there are certain relations between s, the number of changes of monotonicity,
and r, the number of derivatives of the approximated function. Here we deal with all
other cases and we obtain Jackson type estimates involving modified DT-moduli.
We also provide counterexamples to complete the picture. Our technique for the
positive results involves a two-tier approach. We first approximate the given func-
tion by comonotone piecewise polynomials which yield good approximation and
then we replace the latter by polynomials.  © 1999 Academic Press
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1. INTRODUCTION

Let fe C[ —1, 1] change monotonicity finitely many times, say s> 1, in
the interval, and we wish to approximate f by polynomials p, € %,, the
space of polynomials of degree not exceeding n, which are comonotone
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114 LEVIATAN AND SHEVCHUK

with f. To be specific, let s>1 and let Y, be the set of all collections
Y:={y;}i_, of points, —1 <y, <--- <y, <l For YeY, we set

H(X, Y) = 1_[ (X— yi)a
i=1
and denote by A)(Y) the set of functions feC[ —1, 1], which change
monotonicity at the points y;, and which are nondecreasing in (y,, 1), that
is, f'is nondecreasing in the intervals (y,, ;, ¥»;) and it is nonincreasing in
(¥2j» Y2j—1)- In particular, if f'is continuously differentiable in (—1, 1), then

fedV(Y), iff f'(x)H(x,Y)=0, —1<x<l.
Put

Y=Y,
and recall that we call a collection YeY, s-admissible for f and write
YeAd (f), if YeY,and feAV(Y). We write fe A9, if A(f)+# . Note
that a function may belong at the same time to different classes 4" *) and
A5 (that is, with s, #,).
For YeY and feC[ —1, 1] we denote

EDLY) =inf{|f=pa_i]:pa_r €4DY) 21}, (L.1)
and for fe A1 we set
ELO(f):= sup EP(fY). (1.2)
Ye A(f)
As usual in C[ —1, 1], we denote by ||-||, the sup-norm over the interval.

We will also have the notation | -], for the sup-norm over the interval J.

The first Jackson type estimates for truly comonotone polynomial
approximation were obtained by Newman [11] (see Also Iliev [5] for
some relevant work) who proved that for fe A%

E9(f) < cels) o f, 1n), n=l. (L.3)
In the first part of this work [9], we proved that if /'€ A" ¥, then
ELIO(f)<cls) o?(f, 1n),  n=1, (1.4)

where c(s) is a constant depending only on s, w?(f, ¢) is the DT-modulus
of continuity and ¢(x):=./1—x% [2] (see also (2.1) with k=1). Note
that (1.4) immediately implies (it also follows by (2.5) below)

/"

ERNf)<ds) = = n=l, (1.5)
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provided feB'. Here B", r>1, is the space of functions feC[ —1,1],
which possess a locally absolutely continuous (r—1)st derivative in
(—1, 1), such that

lp’f ] < o0.

We have also provided counterexamples showing that the Jackson
estimates fail to hold in many other cases. Namely, we proved [9] that for
an arbitrary constant 4 >0 and s> 1, if 2<r<2s+2, excluding the case
s=1, r=3, then for any n, there exists a function /' =f, ., , €49 B,
for which

ES9(f) 2 el f) 2 A g7/ ) >0, (L6)
where

eLI(f):= inf EW(fY).

YeA(f)

In this article we shall prove that for all other cases we have an estimate
similar to (1.5). Namely, we prove

THEOREM 1. Let fe A A B, with either s=1 and r =3, or r > 2s + 2.
Then we have

E9(f) <

re(r)
c(r)w, n=r. (1.7)

n
Clearly (1.6) excludes the possibility of extending (1.7) to other pairs of

s and r > 2. However, if we allow the constant in (1.7) to depend on the set
Y, then we can still salvage the estimates. Namely,

TaeoreM 2. Let fe AL AB’, s,r=1, and Ye A(f). Then

rg(r)
EW vy < 12T s (18)
n
and
re(r)
EO V) <er ) 2770 s N v, (19)
n

hold, with c(r,s), a constant depending only on r and s; and C(r, Y) and
N(r, Y) constants which depend only on r and Y.
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Remark. The case r=1 is (1.5) and for »=2, Theorem 2 follows from
[6, Theorem 1]. Theorem 1 for r>2s+ 3 follows from Theorem 6 below
and all cases r>3 in Theorem 2, are consequences of Theorem 8 below.
But note that Theorem 1 is also valid when r=2s+ 3 and in the particular
case s=1 and r=3 and that Theorem 2 asserts the validity of (1.8) and
(1.9) also for r=3.

In fact we will prove stronger results, Propositions 1 and 2, which we
state at the end of Section 2, but first we need some definitions and proper-
ties of modified moduli of smoothness and this is the content of most of
Section 2. In Section 3 we construct piecewise polynomials which are com-
onotone with f and approximate it well. The key results are Lemma 9 and
12 which are summarized in Proposition 3. Their proofs and especially that
of Lemma 12 (which is the subject of a major construction in [10]) are
complicated and any fresh ideas for simpler proofs would be most welcome.
Then in Section 4 we replace the piecewise polynomials by the appropriate
polynomials. We prove Propositions 1 and 2, as well as have some coun-
terexamples in Sections 5 and 6.

While we have to postpone the statements of Propositions 1 and 2, if we
combine them with the well-known estimates of unconstrained polynomial
approximation (see, e.g., [2] or [12]), then we obtain certain relations
between the degrees of unconstrained and comonotone approximation
which we can easily state at this stage. Denote as usual,

E,(f):=inf{|f=p, 1l :Par€ZH 1}

the error of the best uniform approximation of f. It follows that for each
YeA(f),

Ef)<SED(LY)SESI(]). (1.10)

Proposition 1 and (1.4) yield a partial inverse to (1.10), namely,

TueoreM 3. Let fe A and assume that either 0 <a <1, or s=1 and
2<a<3, or a>2s+2. Then, if

1
Eff)< Vn>a, (1.11)
then
EW9(f) < C(“;S), Vi >, (1.12)
n

where C(o, 8) is a constant depending only on s and o.
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Similarly we have a partial inverse of (1.10) related to Proposition 2.
Namely,

THEOREM 4. Let fe AV(Y), where Ye Y and assume that o« >0, o # 2.
Then, if (1.11) holds, then

Cla, Y)

n*

ED(f,Y) < Vi >a, (1.13)

and

C(a, s)

o >

ED(f Y)< V> N(a, Y), (1.14)

where C(a, s) is a constant depending only on s and a, and C(a, Y) and
N(a, Y) are constants which depend only on o and Y.

Remark. By virtue of (1.6) it follows that whenever ae[1,2s+2],
except for the case s=1 and 2 <a <3, it is impossible to replace N(a, Y)
in (1.14) by N(a, s), hence it is also impossible to replace C(a, Y) in (1.13)
by C(«, s5), whenever a €[ 1, 25 + 2], except for the case s=1 and 2 <a < 3.

Indeed we prove the following in Section 6.
THEOREM 5. Let s=1, and let 1 <a<2s+2, excluding the case s=1,

2<a<3. Then for any constant B>0 and each n>a, a function g:=
Zs.an 8 €AY exists, for which we simultaneously have

1
E g)<—, VYm>ua (1.15)
m
and
E%9(g)=e9(g) > B. (1.16)

Remark. Obviously, if f is monotone, i.e., s =0, then there can be no
dependence on Y in (1.8), (1.9), (1.13), and (1.14) and indeed the corre-
sponding estimates are well-known. They have been proved by the authors
and by Dzyubenko, Kopotun, and Listopad. In particular Kopotun [ 6, 8]
has shown that the monotone analogue of Theorem 4 fails for a=2. In a
forthcoming paper, we will prove that if s # 0, then the case « =2 is not an
exceptional one, that is, Theorem 4 holds as well for o= 2.

In the sequel we will have constants ¢ which depend on r, s and k; or on
one or two of them. We will also have constants C which may depend
on other parameters. However, we will use the notation ¢ and C for such
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constants which are of no significance to us and may differ on different
occurrences, even in the same line; and we will have constants with indices
¢1, €y, ... and Cy, C,, ... when we have a reason to keep trace of them in the
computations that we have to carry in the proofs.

2. DEFINITIONS AND STATEMENT OF THE MAIN RESULTS

Put 7:=[—1,1]. Given feC(I), and k> 1, let

aipi= 3 e (8) (- Ean),

i=0

be the symmetric difference of order k, defined for all x and 4 > 0, such that
x+(k2)hel
The Ditzian-Totik (DT-)moduli of smoothness [2] are defined by

wf(f,1):= sup sup |4}, f(x)], =0, (2.1)
o<<h<t x
where the inner supremum is taken over all x such that

xigh(/)(x)e(—l, 1). (2.2)

Also, set

0 ) 0
o) = J(1-x-S0 1+ x-S0t} x£Zpwer

and for a function g defined in (—1, 1), and r > 1, denote

wf (g 1):= sup sup [}, (xX) Af,g(x), >0, (23)

0<h<t x

where again the inner supremum is taken over all x so that (2.2) holds. We
will apply the moduli in (2.3) for derivatives of f, which is going to be
differentiable in (—1, 1) up to the appropriate order. Then, in order for
the definition of wf (f ™ ¢), to make sense, we have to assume that
lim, , ,, @"(x) f”(x), exists, moreover, in order that wf ,(f, 1) >0, as
t — 0, we have to assume that

lim ¢(x) fO(x)=0,

x— +1
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which we denote by /e C[,. Clearly, C/, =B’, r> 1. For r=0, we put

Co:=C(), o (f.1):=wf(f1).

We recall some properties of the DT-moduli of smoothness (2.1) and (2.3),
which are similar to properties of the ordinary moduli of smoothness (see,
e.g. [2; 12, pp. 165-167]). For feC, and 0 <p <r, we have

OF+r—p. p(f(p)’ Nt roy Af0), t=0; (2.4)
while if /e B” and 0<p <r, then fe C? and
(p) 7 — re(r)
f_, SO gl 120 (2.5)

In fact, we note although we make no use of it, that the converse of (2.5)
is valid too, namely, if feC2, 0<p<r and wf_, ([P, 1)<1""?, 1>0,
then fe B’, and |o'f| <c. Flnally, for each fe (E’ we have

t_kw,‘g (S0, t)<cr_ka)z, (0 1), 0<t<t (2.6)

Let ¢ € @, ie., #(0+)=0, ¢(¢) is nondecreasing and ¢ ~*¢(¢) is nonin-
creasing in (0, 00). While in general for feCl, wf (f",t) is not
necessarily in @F, it satisfies (2.6). Hence, following ideas of Stechkin and
Timan (see e.g., [ 12, (2.33)]), the function

¢(t) :=t* supu—* w? (1, u), >0, $(0):=0, (2.7)

uz1
is in @* and satisfies
() <of (f7. <), (2.8)
For ¢ € @*, denote by B'H{, r >0, the set of functions /'€ C’,, satisfying
of (O 0)<d1), 120

Note that in view of (2.8), if feC/,, then we always have fe B'H}. 7. Also
it follows from (2.4) that

B'H{ < B?H"» 0<p<r, (2.9)

k+r—p>
where ¢, (1) :=ct"~?¢(1).
Denote by @% the subset of functions ¢ € &*, satisfying

J o(1)

0

dt < o0,
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and for each ¢ € @% put

9.(1) =thdu
o u
It follows that if ¢ € @%, then
o(1) =k$£ uk=1 du<kﬂ@du=k¢*(z), (2.10)

hence
(1759 (1) =17 (1) — ko (1) <O,
which implies
¢, € D~ (2.11)

Note that if ¢e®* and />1, then ¢,(¢):=t'pe® X+’ and the inverse
inequality to (2.10) holds, namely

(@04 (1) < ¢s(0).

In particular for f'e C}, we have

(B4 () <ct'ol (O, 1). (2.12)

We are ready to state our main results.

ProrosiTION 1. Suppose that either k=s=1 and r=2, or r=2s+2.
Let g€ DX and fe A9 ~ B"HY. Then

: 1
E;l,s)(f)g%qﬁ* <n>’ n=zk+r, (2.13)

where ¢ = c(r, k).

In general, for r=2 we have
PROPOSITION 2. Let ¢ € @X and fe AV(Y) B*HY. Then

EM(f, Y)<%¢* <’11> n=k+2, (2.14)

and

¢*<1>, n=N(k, Y), (2.15)
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where C(k, Y) and N(k, Y) are constants depending only on k and Y, and
c=c(k,s).

Propositions 1 and 2 augmented by (1.4), together with (2.5),
immediately yield Theorems 1 and 2. Moreover (we elaborate in Section 5),
they provide us with the following result which strengthen (1.7) for
r>2s+ 3. Namely,

THEOREM 6. Let fe A9 A C, with r>2s+ 2. Then we have
k 1
Eizl’s)(f)gdnr)w;fr<f(r),>, nzk+r, (2.16)
n : n

where c(r, k) is a constant depending only on r and k.

We wish to emphasize that (2.16) does not imply (1.7) for r=2s+ 3.
Also note that (2.16) is not valid in the case s =1, r =3 as this would imply
(1.7) for s=1, r=4, which violates (1.6).

We will show in Section 6 that (2.16) fails for all » < 2s + 2, except for the
case =0 and k=1, which is (1.4). Namely, we will prove,

THEOREM 7. Let k,s>=1 and r<2s+2, excluding the case r=0 and
k=1. Then for any constant A>0 and every n=1, a function f:=
S srma €452 NC exists, for which

ELI(f)zel O f) > Aol (1), (2.17)

However, if we allow the constant in (2.16) to depend on the set Y, then

by Proposition 2 (again we elaborate in Section 5), we can salvage the
estimates. Namely,

THEOREM 8. Let feA(l’S)mC;, s=1, r>2, and assume Ye A/[f).
Then

Y 1
EN(f, Y)<C(k’r’)w,f,<f(”, > nsk+r,  (218)
? n

P

and

1
ED(, Y)<Cr602’?r<f(”, > nzNk,r, Y), (2.19)
n ’ n
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where C(k, r, Y) and N(k, r, Y) are constants depending only on k, r, and Y,
and c=c(k, r, s) depends only on k, r, and s.

Remark. We do not know whether or not Theorem 8§ is valid for r <2
except for the some special cases. It is valid for r=0 and k=1, which
follows from (1.4); for r=0 and k =2, which is proved in [7] and which
in turn implies the case, r =k =1. We know that Theorem 8 is false when
r=0 and k> 2, this follows from [13]; and that it is false when r =1 and
k>3 (see [3, Examples 3.1 and 3.2]). Finally, for r=2 and k>, one can
modify Kopotun’s counterexample [8] to obtain one for Theorem 8. But
when this paper was written we had no answer as to what happens for the
outstanding cases.

We can now settle most of the outstanding cases (see our forthcoming
paper). Namely, surprisingly (comparing to the purely monotone case, see
table below), Theorem 8 is valid for =1 and k=2, and in turn for r=2
and k = 1. Theorem 8 is false for r =2 and k >3 and therefore also for r =1
and k >4. We still have no clue about the last two cases r=1, k=3, and
r=2, k=2

We illustrate the results in the following array, where s> 1. The sign +
in entry (r, k) means that (2.16) is valid for this pair of numbers (and the
proper s), the sign @ means that (2.18) and (2.19) are valid for this pair
of numbers, and the sign — means that none of these inequalities is valid.

2544 + 4+ + + +
2543 + 4+ + + +

25+2 & @ & @ ©

3 0 @ © & 9
2 ® ? - - -
1 ® @ ? - -
o + ® - - -
1 2 3 4 5 k

It is interesting to compare this with the purely monotone case (s=0)
where we have (see [6])
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4 + + + + +
3+ 4+ 4+ 4+ 4+
2 - -
1+ - - - -
0 + + - - -
1 2 3 4 5 L

We conclude this section with the concept of the length of the interval
J=[a, b] =1, relative to its position in 1. To this end, we define

W
P g+ by

where |J| :=b —a is the length of J, and we observe that whenever J; = J,
then

My < ). (2.20)

Indeed, let x be the midpoint of J;, then (2.20) follows from the following
inequalities. If x <(a+b)/2, then

Hd<x a_b—a . a+b<
2 = ) 2

while if x> (a +b)/2, then

|/ b—a
7<b7 — _
2 YT

a+b<
2 |52 7

X

To see this we observe that (/J//2) ¢ is a nonnegative concave function
which assumes at x=(a + b)/2, the same value (b —a)/2, as the piecewise
linear function (b—a)/2—|x—(a+b)/2|, which vanishes at x=a and
x=b.

Recall the definition of the ordinary modulus of smoothness restricted
to J,

o[, t;J):=sup sup |45 f(x),  1=>0,

x O0<h<t

where the inner supremum is taken over all s such that x + (k/2) heJ.
Observe, if x + (k/2) he J<= 1, then (2.20) yields h<(/J/ /k) ¢(x), which
in turn implies
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(LI ))<sup  sup |45 f(x)]

x  h<(M//k) o(x)

<sup  sup  [A5, 0 f(x)]
x  h<(M//k)

J
<oy <f, /k/><w,f(f, JJ)). (2.21)

Similarly, for J=(—1,1) and f'€ C/, we have

(S T) < wf (S, ), (2.22)

w'(a, b)

where w(a, b) :=./(1+a)(1—>b).
By Whitney’s theorem

If = L1 (fs s Dy < car f 1),

where L, _(f,-;J) is the Lagrange polynomial of degree <k —1 inter-
polating fat the points a + i(b—a)/(k — 1), 0 <i<k — 1. Hence by virtue of
(2.21) and (2.22),

If—Le_1(fs s DI, <col(f,)I)), J<1, (2.23)
and for feC,,

c
w'(a, b)

Lf O =L ((f©, ), < w;ir(f(r), /7)), Jo(—1,1). (2.24)

Finally, note that (2.2) implies /< (2/k) ¢(x), whence h?><ho(x), k> 1
(h? <2he(x), k=1). Therefore,

ol fi B)<w?(fit), 120, k>1,
(i f, 12) <2¢:,‘f(f, n, =0  k=1). (223
LemMA 1. If fe B¥H{ and ¢ € @%, then f e C'(I), and
O O 6D < eh (S, 120, (2.26)
Proof. 1t follows from (2.25) that
(1) 1= g 42 i ) <@L (£ /1),
Since /'€ B¥H?, then by (2.4)

ol L (fi 1) < ct¥(1).
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Hence
t t
j “’(ff duscf Mduzchﬁ*(\ﬁ). (2.27)
ou 0 u
In particular we have
to(u)
j e du < oo,

which by Brudnyi and Gopengaus [1] (see also [12, Theorem 3.5])
implies f'e C"(I). In turn by [1], (2.27) now yields (2.26). ||

3. SUITABLE SPLINES

Throughout this section we assume that fe B"H? nAY(Y), with
k=1, pedand Ye d,f).

We begin with the Chebyshev partition of 7, namely, we fix n>1 and for
each j=0, .., n we set x;:=x, , :=cos(jn/n). Denote I;:=1; ,=[x;, x;_],
j=1, .., n Then it is readily seen that
%] <z (3.1)

2
A (E N -y

Our first lemma in this section is

LemMA 2. Let 1< j<n, and assume that f'(x) >0, xel,. Then a non-
decreasing polynomial p; of degree <k-+r—1 exists, such that it inter-
polates [ at x; and x;_,, and

1f=pill<en™"¢(n"). (3.2)
Proof. Since feB'H?, then f’ is by definition, continuous in I,
1 < j<n. Then it follows by Lemma 2 of [10], that such a polynomial p;
exists, satisfying
Hf_PjHI].<C |Ij| Oy r—1(S's |Ij|§ Ij)
<c LI ol £ 1515 1)
<c ¢ rw(ﬂ (f(r)’ /[/)
w( ) ke 4

X X1

s¢ <w<|1j|>>rwzr<f<'>,nl>, (33)

X Xj_q



126 LEVIATAN AND SHEVCHUK

where we have applied (2.22) and (3.1). Hence we conclude the proof of
(3.2) by observing that for I, such that 1 < j<n we have

1] < ew(x;, x;_y) n=' 1
For a given Y, let

0;:=

i Oi;n(Y)::(xj+laxj—2)’ if yie[xja xj—l)a
where x_; :=1, x,,;:= —1, and set
0:=0(Y;n):=) 0,

i=1

and
O*:=0*(Y;n):=0(Y;n)ul, Ul,.

Next let Oq =:[a,, b,], ¢ <s, be the connected components of the closure
O of 0, indexed so that b, , <a,. We show

LemMA 3. Let r>s. Then, for each g, a polynomial P, of degree
<k+r—1, exists

P,la,) = fla,), (34)
P(x)(x,Y)>0, xe0,n[x,_,x], (3.5)

and
1f=Pgllo,nrx, x1<cn"¢n™h). (3.6)

Proof. Since fe B"HY, then by defintion fe C"[x,_;, x;]. Now r>s,
hence it follows by Lemma 3.3 of [4] applied to f”, that there exist polyno-
mials P of degree <k +r— 1 satisfying (3.5), such that

|‘f,_P’|‘5qﬁ[xn71,xl]
<C |6q N [xnfla x1]|r—l wk(f.(r)» |6q N [xnfla X1]|; aq N [xnfla xl])'
We take P, so that (3.4) holds and Pj(x)= P'(x), which in turn implies
Hf_Pq”aqr\[xn_l,xl]
<C |6q N [xnfb x1]|rwk(f(r), |Oq|7 Oq N [xnfls xl])

<c/0,/) $(/0,)). (3.7)
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The last inequality follows as in the proof of Lemma 2. Finally, we have
~ c
10,/ < (3.8)

and the proof of (3.6) is complete. |i

As is readily seen from its proof, Lemma 3 can be formulated for r> 1,
provided we take n> N(Y) where N(Y) is taken so that for each n> N(Y)
every 5q contains exactly one point y, €Y, and Y < [x,_,, x,). Namely,

Lemma 3'. Let r>1, and suppose that n> N(Y). Then for each ¢, a
polynomial P, of degree <k +r—1, exists such that (3.4), (3.5), and (3.6)
hold.

Denote by X, :=2X,., the collection of continuous splines on the
Chebyshev partition, with polynomial pieces of degree <m, and denote by
2 0 =2m o¥.n) the subcollection of splines Se€2,,, which are polyno-
mials on each O,. Note that S’ exists except perhaps at the Chebyshev
nodes so we will use it freely without mentioning the finitely many excluded
points. We note that we can combine Lemmas 2, 3, and 3’ to yield results
which are interesting by themselves, namely,

LemMA 4. Let r>s. Then there exists a spline Se Xy ., o such that
S,(x) H(X, Y)>09 xe[xn—laxl]’ (39)
and

1f=Slge, ey <en~"d(n). (3.10)
And

LemmA 4'. Let r>1, and n>N(Y). Then there exists a spline
SeX,, osuch that (3.9) and (3.10) hold.

Proof. We will prove Lemma 4, the proof of Lemma 4’ being similar.
Evidently, the only discontinuities that S might have when we put together
the polynomial pieces constructed in Lemmas 2 and 3 (and 3), occur at the
points b,, whose number is at most s. To rectify that we add a piecewise
constant function with the proper jumps at those b,’s which are in
[x,_1,x;]. Since by (3.6), the size of each jump is bounded by

|f(bq) - Pq(bq)| < cnirqs(nil)a

and there are at most s such points, the proof of (3.10) is complete. ||
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Thus, had we been satisfied with the construction of a continuous spline
which is comonotone with f and approximates it well on [x,_;, x;], then
we would have been satisfied with Lemma 4 and we would only have to
limit ourselves to r > s, or we would have been satisfied with Lemma 4’ and
would have to limit ourselves to n> N(Y). In order to extend the com-
onotonicity and preserve the good approximation on the whole interval
[ —1,1] we have to further restrict r. We first extend Lemma 2 to the
intervals containing the endpoints.

LEMMA 5. Take r=2 and assume that ¢ € ®%. If f is monotone in I,
respectively I, then a monotone polynomial p,, respectively p,, of degree
<k+1 exists, such that

Lf=psll < en2p (n7h, j=1,n, respectively.

Proof. We prove the case j=1, the other is similar. First we observe
that Lemma 1 implies that f'e C!(). Hence, as in the proof of Lemma 2
such a polynomial p, exists, satisfying

/= pilly <c ] we o (fs ] 1)
<clhl ¢ (/I <en™?p,(n™h), (3.11)
where we applied Lemma 1 again, and the fact that |I;| <(c/n?). |

An obvious consequence of Lemma 5 and (2.9) is

COROLLARY 1. Take r>2. If f is monotone in I, respectively I,,, then a
monotone polynomial p, respectively p,,, of degree <k+r—1 exists, such
that

I f— Pj|\1].<cn_r¢(ﬂ_l), j=Ln, respectively.

Finally we extend Lemma 3 all the way to the endpoints and for this we
have to restrict r even further. Namely,

LEMMA 6. Suppose either s=k=1 and r=2, or r=2s+2 and assume
that e dX. If 1e€0,, then there exists a polynomial P; of degree
<k+r—1, such that

Pi(x) H(x, Y)=0, xe0,,

and

If=Pillg,<en™"¢ (n™"). (3.12)
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Proof. Tt follows from the assumptions on r and Lemma | that
feC"(I), and

O [, 1) e (1)

As in (3.7) we apply Lemma 3.3 or 3.2 of [4], and conclude that such a
polynomial exists, satisfying

| f— Py Hél <c |51 |r/2 wk+r/2(f(r/2)a |61 l; 61)
<c 011 9,(/10:) <en™7¢(n71),
where we used the observation that |0, | <(c¢/n?). |

In particular for n=1, we get

COROLLARY 2. Under the assumptions of Lemma 6,

E)(f) Scgy(l).

Thus, Lemmas 4 and 4° may be extended to the whole interval. The
proofs are the same so they will not be repeated. Namely,

LEMMA 7. Let either s=k=1 and r=2, or r =25+ 2, and assume that
¢ € DX, Then there exists a spline Se Xy, o N AV(Y), such that

=Sl <en gy (n ). (3.13)

And

LEMMA 7. Let r=2 and assume that ¢ € @’;. Then for n> N(Y), there
exists a spline Se Xy, o N AV(Y), such that (3.13) holds.

The next results are needed for Proposition 2 when n is “small.”

LemMA 8. Let T:={ty, ...t} be a collection of k+1 points
t;e(—1,1). If ge BPHY and ¢ € D%, then, for each x €,
k+1

[T (x—1)

j=1

|g'(x) = Lalg's X3 11, voes ey )| S C(T) ¢ (1),

where Li(x, g', ty, .., tx 1) is the Lagrange polynomial of degree <k, which
interpolates g' at the points t;.

Proof. 1In the proof C stand for different constants, that depend only on 7.
Put Qu(x):=Li(g', X;t1, s tr 1), and Ly(x) := Li(g’, x; I). By Whitney’s
inequality and Lemma 1,
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lg" = Oxll < l18" — Ly | + [ Ly — Ol

<llg' = Li|(1+ 1% max [t,,—4]7%)
1<i<k

< Coyi(g 11 D)
< ChL (VD < Chy(1). (3.14)

Now let J=[a,b] =(—1, 1) be an interval such that 7<= (a, b) and |J| > 1.
Put

X

Ly_1:=Li_1(g", x,J), lk(x)3=g'((a+b)/2)+j Ly _1(u) du.

(a+b)/2

Then by (2.24) and (2.10)

lg" = Le_1lls<ec wf 58", [7/) < CP(1) < Ch (1),

1
w*(a, b)
which together with (3.14) implies

10k — Ll <c | Qx— Lkl s
<O — &'l + 11— &'lly)
SChu (D) +cllle_1—g",<Chy(1).

Hence

19k —&" Il < 11— &" s+ 1Lg -1 — Qill S T (1).

Now, given x € J, let #; € T be the closest to x. Then

160 = 0l = [ () — Qyta))

k+1
SCIx—4] 0 ()<SAT) [[ [x—1;] dy(1).
i=1

This completes the proof. |
And

LEmMMA 8. If r=2 and ¢ € @, then

EQN (S, Y)SCY, k) dy(1).
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Proof. First assume that s>k + 1. Since evidently

Lk(fva X5 V1o wes yk+1) EO)

we may put

P =1(0)= f(0)+ [ LS 91 D) i

Then it readily follows that Pe AV(Y), and by Lemma 8,

[f=PI<IS"=Lil5 [ 1o oo Vs DI S ALY, k) dy(1).

Thus Lemma 8’ is proved for the case s >k + 1, and it remains to deal with
s < k. In this case we write ¢;,:=y,, i=1, .., s, and we fix k — s+ 1 arbitrary
additional points 7, 1, ..., {1, say in the interval (—1, y,). Let

k+1

n(x):= [[ (x=1).

i=s+1

Then by Lemma 8 there exists a constant C,= Cy(Y, k), such that
LX) =L f", X3 115 s 3y DI S Co [ (x, Y) 1(x)] @4 (1), x€L
Put C, :=C, ||z, and let
P(x):=Li(x, [, t1, s tiy1) + CLII(X, Y) ¢ (1),

and
P(x) = f(0) + jx P'(u) du.

Then we have
If=PI<If" =P <2C, HI(-, Y)[ ¢,(1) =: C(Y, k) ¢ (1).
And at the same time,
H(x, Y) P'(x) = H(x, Y)(Lilx, f's L1y oo Tege1) = F1(X)

+1(x, Y) f'(x)+ C T (x, Y) ¢ (1)
>I(x, Y) f'(x) = 0.

This completes the proof. |
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Our last result relates the polynomial pieces of the spline Se X, to one

another. First we need some notation. We let I, ;:=1; ;, denote the

smallest interval containing /; and [;. For S€2,, we put

Ap(S) 1= a, (S) :=max < 14

m
|i_ ‘|‘a
wax (S20) 1p= )

9l
where p; denotes the polynomial defined by p;|, :=S|,. Observe, that, for
each 7 and j, if v is between 7 and j, then

il 1l
Ijl |fj . (3.15)

fl

We are ready to state our result (compare with Lemma 6 of [ 10])

LEMMA 9. For each Se€ X, we have
an(S) < cof(S, n~ 1) < cai(S). (3.16)

Proof. Write w :=w?(S,n~"). We begin with the proof of the left-hand
estimate, that is, we have to prove that for each i and j,

17,1\
|pi_Pin<C< =) . (3.17)
1]

To this end let us first assume that j=i+ 1 and set L(x) :=L;_(S, x; [, ;).
Then (2.23) implies

lpi=Llz=IS—Ll;<IS—Ll;, < cof(S, /I ;/) < co,

where in the right-hand inequality we applied (3.1). Observing that p,— L
is a polynomial of degree <k — 1, we have

lp; =Ll <llp; =Ly, <clp;— Ll < co.
Hence
lpi—pjlg<co, (3.18)

which implies (3.17) for j=i+ 1. Otherwise, assume i < j. Then for each v,
i<v<j, it follows by (3.15) and (3.18) that

| : | k—1
Py = prasli < 1o, = prasll, <e () = pual
v
I;

7, [\<! |2 ;1\
<c > w<c .
|1, 41
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Therefore,

lp;—pilly<llp;—pi—illp+ - +piv1—pily,

k— K
<cl|j—il <|I”|> lw<c<|1i’j|> .
|14 141

Thus (3.17) is proved. We turn to the proof of the right-hand estimate in
(3.16). We take x and h < (1/n) satisfying (2.2), and for each i=0, ..., k we
let v;, be so that x + (i —(k/2)) hg(x) € I,,. Then

|7,
Vi

< ¢ max
i=1,..,k

k
> Hpvi - pvo Hlv,- < Cak(S):

vo» vl-|

where we used the inequality |7, ,|<c|I, [, i=1, .., k, which follows from

3.1). 1

4. COMONOTONE POLYNOMIALS

We begin with a lemma which is a trivial consequence of (1.4) and (3.1).
Namely,

LemMA 10. Let fe C(I)nAY(Y), be locally absolutely continuous and
such that

1
"Ny <—, i=1, .., n 4.1
1711, i) J n (4.1)

Then a polynomial V,, € AV(Y) of degree <n exists, such that
[f=Vall<e. (4.2)

Next we need a partition of unity of the type we had in [10] but we
require a few more properties. We quote Lemma 5.4 of [4], namely

LemMA GS. For each fixed integer I, there exists a collection {t; ,}
of polynomials of degree < cln, with the following properties.

n
j=1>

Y LX) =1 (4.3)
j=1
[ (x)| < C— 2 < Pulx) >l+1 el  1=0,1,2, .
DS k= [+ puv)) 0 T TR

(44)
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where p(x):=n"'/1—x*+n"%and C=C(s, 1, 1),
T (¥ =0, i=1,..,s, j=1,..,n; (4.5)

and

7,

Ay:)=0, Vi, j such that y; € 5q and I; ¢ (’)q. (4.6)

We are ready to state the analogue of [ 10, Lemma 7], namely,

LemMa 11. Let [=3k, and assume that SeX, o, and S'(y,)=0,
i=1,..,s. Then for ny =n with n, divisible by n, the polynomial

D=3 ) T Tun) (47)

vl =

v, ny i

satisfies
D, (y)=0, 1<i<s, (4.8)

and for each A=0, ..., s+ 1,
1S900) = D) < Coaul $)

where Cy= Cy(s, k, I). Moreover, for each 0 <d <1,

18'(x) = Dy ()] < Crag(S, (x— 3, x+ ) —
! Pa(x)
1 pnl(x) I1+1—-3k
+C2a"(s)pn(x)<pnl(x)+5> . xel (410

where Cy= Cy(k, s, 1) and Cy= Cy(k, s, ). We have used the notation

i Jj

h; \*
ak(S,(xé,X+5))i=max<h > Ilpi=p;ll,

LJ

where the maximum is taken over all i and j such that I, n (x — 6, x+90) # &
and I; ©(x—0,x+0) # J.

Proof. Evidently (4.8) follows by (4.5) and (4.6), by virtue of the fact
that SeX, ,. Here is where we need the assumption that S is a single
polynomial in each connected component of O. The rest of the proof
follows verbatim the proof of [ 10, Lemma 7], where one has to replace

p(-) by 1. 1
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Finally, we can construct a good polynomial approximation to S.

LEMMA 12. If Se X, o nAM(Y) is such that
alS)<1, (4.11)
then there is a polynomial P, € AV(Y) of degree < cn, satisfying
[S—P,ll<c (4.12)

Proof. The first part of the proof is a repetition of the proof of [ 10,
Lemma 9] almost word for word. In fact, the main difference is that one
has to replace each ¢(%;) and ¢(p), by 1, whence simplifying some of the
computations. However, one other modification is required in the construc-
tion of S, in that proof. Namely, we require that whenever a connected
component O, N F¢# &, then O, = F*. Since O, consists of at most 3s
intervals I;, this makes no difference in our construction and implies that
Sy €2 0. Thus, with the polynomial V, from Lemma 10 of this paper,
which is associated with S5 of the abovementioned proof, and the polyno-
mial D, from Lemma 11 of this paper which is associated with Sy, we end
up with a polynomial,

R,:=V,+R,:=V,+D, +cQ,+cM,,

which satisfies

IR, — Sl <e, (4.13)
and
R(x)II(x,Y)=0, xel\O. (4.14)
It remains to show that
R (x) H(x, Y)>0, xeO. (4.15)

Observe that by virtue of Lemma 10, the polynomial ¥, satisfies (4.15),
and that by [10, (4.21) and (4.25)], the same is true for Q, and M,
respectively. Hence, we only have to adjust D, to satisfy (4.15) without
hurting (4.14). To this end, recall that D, satisfies (4.8) and (from (4.9))
foreach A=2,..,s5+1,

1
phx)

|SP(x) — DP(x)| < Co xel (4.16)
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So we take O 4» a connected component of the closure O of O and we let
Vij+1s - Vi +vqu, (v<s). Further, we put x; to be the closest to 0
such that Ij N O= . Then (4.8) and (4.16) together with (4.11) yield for
X€ 0

|D;11(X)—S( )| |Hv_l(x yl +/1)|:x yl +1"5y1+v’ , - Ll]'
= [T}, _y(x _yiq+;4)(D£:;+1)(9)_S4(1V+1)(0))|
<ep, " TNO) T, _y(x =y ), (4.17)

where we recall that the square brackets~ denote the divided difference of
order v of the function D, — S} and € O,. Hence

< c H;:1 |X_J’iq+y| < Cs | I1(x, Y)]
p”('qu) H/‘i=l |qu_yiq+;l| pn(qu) |H(qu7 Y)|

(4.18)

For the first inequality in (4.18), we used the fact that 5,1 is connected and
contains at most 3s intervals, so that

|Oq|~pn(0)~pn(qu)~(qu_yiq+ﬂ)9 1<,U<V,

and for the second inequality we used the above together with the fact that
for any y, ¢ O,

[x — y,l . [x — y,l . ~pn(X)
Ix;, =yl lx—=x; [+ 1x =yl 7 [0, + pu(x)

Jq

>c>0.

Now, recall the polynomials 7(x)= T,(x, 6s, Y) that were introduced in
[ 3, the definition above Lemma 5.37]. Evidently,

IT;]l < ca, (4.19)
and by [3, (6.15)]
Ti(x)(x, Y)sgnIl(x;, Y)=>0, xel (4.20)
Finally, by [3, (5.22)], we have
¢s  |(x, Y)| ~
T (x)| = , xe0,. 421
TN = o e, V)] ‘ (421
Thus if we set
T = T, sen 01, Y)
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and

where the sum is taken on all the connected components O,, then it
follows by (4.18), (4.21) and (4.20), together with the fact that S, is
comonotone with S, that for x e 6‘10’

D, (x) I(x, Y) = (D, (x) = Si(x)) (x, Y) + T; (x) (x, ¥)

+ Y T,(x) H(x, Y) + S4(x)) H(x, Y) >0. (422)

q#4q

Hence, for the polynomial

P,=R,+YT,,
q

q

we have
P (x)I(x,Y)=0, xel

We conclude the proof by observing that (4.13) and (4.19) imply that

CxC
|Pn—S|<c+<Z z4>=c+c6s. |

q 5

Combining Lemmas 9 and 12 we conclude that

PROPOSITION 3. If S€X,, o(y.my N A(Y), then

1
EW(S, Y)<cp0? <S, n>, (4.23)

chn

where ¢, =c,(m, s) and cg= cg(m, s).

5. PROOFS OF THE POSITIVE RESULTS

We begin with

Proof of Proposition 1. It follows by Lemma 7 and Proposition 3 that
for n> ¢, there exist appropriate P, and S such that

Lf =P, <If=SI+1S—P,]

<n"p (n" N +cof, (S,nh).
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By virtue of (3.13) we have

f , (S,n ) <end(n™h) +cof (finTh)
Sen(pu(n™ ) +of (f7n)
Sen”(§u(n~ )+ p(n1)

SenT'g(nh),

where in the second inequality we have applied (2.4) and in the last, we
have used (2.10). This proves Proposition 1 for n > ¢ while for k +r <n <c,
it readily follows from Corollary 2. This completes our proof. |

Similarly

Proof of Proposition 2. 1t is easy to see that (2.14) follows from (2.15)
with Lemma 8’ playing the role of Corollary 2, so we only need to prove
the latter. Now (2.15) follows by Lemma 7" and Proposition 3, in the same
manner in which we proved Proposition 1. ||

We are ready to give the proofs of the theorems.

Proof of Theorem 6. Since feB’H}’Z where ¢ is defined in (2.7), and
r>2s+2, then we obtain by (29) that feB**?H%. »-3 ,, with
r—2s—2>1. The proof is now concluded by Proposition 1 and (2.12). ||

Proof of Theorem 8. We follow the proof of Theorem 6 (artificially)
replacing s by 0 everywhere and replacing Proposition 1 by Proposi-
tion2. |1

Proof of Theorem 1. As we already mentioned we could deduce most
cases of Theorem 1 from Theorem 6. We have however two outstanding
cases, and the proof is not any simpler if we restrict ourselves to the two
special ones. Thus we give an independent proof of all cases. We take fe B”
such that [l¢"f || <1. First we let r>2s+2, then we observe that (2.5)
implies that f'e B*+2H?_, _,, where ¢(¢) := ct"~>~2, Evidently

A 1

b She@i 2,

Tr—25-2
and Theorem 1 follows from Proposition 1. The remaining case is s = 1 and
r=73. For this case we repeat the above proof (artificially) replacing s by
0 everywhere and applying Proposition 1. |

Proof of Theorem 2. As we have already mentioned the case r=1 is
(1.5) and for r=2, Theorem 2 follows from [6, Theorem 1]. Most other
cases can be derived from Theorem 8, but we have the outstanding case
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r=3 and as in the proof of Theorem 1, the proof of the general case is as
simple. Actually we only need to repeat the proof of Theorem 1 (artifi-
cially) replacing s by 0 everywhere and finally replacing Proposition 1 by
Proposition 2. ||

We have two theorems left to prove.

Proof of Theorem 3. The case 0 <a <1, readily follows from the fact
that (1.11) implies that w?( f, t) = O(¢*) and then from (1.4). All other cases
follow from Proposition 1. In fact, if «>2s+3 we can derive the result
from Theorem 6, but there are two uncovered intervals for which we
anyway need to call upon Proposition 1, so we will apply it for all cases.
Indeed, if o >2s+2, then let m:=[a] + 1. Then (1.11) implies

E)<n™>72(n~h),  nzm,

where @(7):=1*"%~2 Hence by [12, Theorem 18.2], we obtain that
feCx* 2 and wf_, ;5 4@, 1) <c(a) 1*~* 72 As in the proof of
Theorem 1 we evidently have

- 1

— r @m—2s—2
P a—2372¢e * ’

so that (1.12) readily follows by Proposition 1. Finally, when s=1 and
2<a<3, we let m=3 and (artificially) replace s by 0 everywhere in the
proof. Again (1.12) follows by Proposition 1. |i

Proof of Theorem 4. For 0 <a <2, Theorem 4 follows from [7]. All
other cases are proved in the same manner as Theorem 3 where we replace
Proposition 1 by Proposition 2. Again for a > 3 we could use Theorem 8. |

6. COUNTEREXAMPLES

Proof of Theorem 5. We first recall that the direct theorem for non-
constrained approximation yields the estimate

E N <o, m=r, (6.1)
m

where ¢, =c,(r). Now, for a« =2, we take r=2, for a =25+ 2, we take
r:=2s+2, and for all other «, we take r:=[a]+1. Put A:=Bc,,

f‘::f:s,r,n,A and

g:=(cllofN~" 1
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Since ge B" and [|@"g”|| =c; !, then (6.1) implies (1.15), where we used
the inequality a <r <[a] + 1, while (1.16) follows from (1.6). ||

Proof of Theorem 7. We first observe that for fe C/,, r >0, we have
f (fO ) <colk, 1) of (f7 1), k=1, (6.2)
and
wf (fO, 1)< ci(k,r)wf (f7, 1), k=2, (6.3)

which is going to reduce the proof to the cases of k=1 and k=2 only.
Next we note that if feB"*', then by (2.5) feC/, and

of ([, 1) <ex(r) t o Y, (6.4)
and
w8, _(fUT <) 2 oY >0 (6.5)

Recall that in view of (1.6), if 2<r<2s+2 excluding the case s=1 and
r=3, then for any constant B>0, there exists a function g:=
Zsrn 5 €B NAYV(Y,) (for some Y,) such that

lp7g | =1, (6.6)
while
E(g)=el(g)>B. (6.7)
We are ready to prove (2.17). To this end, let 4 >0 be given. If
I <r<2s+2 except for r=2 and s=1, then taking B:=cy(k, 1) c,(r) 4
and setting /=g, , ., , 5, We obtain by (6.2), (6.4), and (6.6),
o r(f(r)a 1)< Cow(lp,r(f(r)a 1) <coe, H€9r+lf(r+1)H =CoCy-

Hence by (6.7),

B
eill’S)(f):eizl’ S)(gs,r+l,n,B) >B>C ¢
02

wf (O, 1) =Awf ([, 1),

and (2.17) is proved. Now let kK >2 and assume r=0 or r=2 and s=1.
Then we take B:=c,(k,r)cy(r+1) A and we set f:=g, .., , 5. It follows
by (6.3), (6.5), and (6.6) that

wlf,r(f(r)’ 1) <cla)zr(f(”, D<eiesllo™ U2 =cycs,
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whence (6.7) implies

and (2.17) is proved.

Two cases remain: » =2 and k=s=1, and r=2s+ 2 for all s and k. By
(6.2) the latter is proved once we prove it for k =1, so we may assume that.
In these cases we need to look more carefully at the function yielding (6.7)
and even to modify it somewhat. The following straightforward inequality
is the key to proving the remaining cases for k =1, namely,

o ([, <2 [ f7. (6.8)
First for the case r =2 and s=1, we begin with
g(x) = —j(x+1)log(x+1),  My:=|gl,
and let x, €(—1, 1) be such that
|gh(xo)| >n*(A+ M,+1).

Similar to [8, p. 205], we denote by T,(x) the Taylor polynomial of degree
2 at x, of the function g, and set

ga(x) — Ty(x), if x> x,,
0, if x<x,

fx) = {

then evidently feC/,. Observe that T75(x)=gj(x,). Hence if we let
f(x) :=f(x)+ T»(x), then by (6.8)

wf S (f", 1) =l (], ) <2 97" <2 975 = 1.

This in turn implies, following the arguments we used in [9, pp. 205-206],
that

et () > A= Awf (2, 1),
which is (2.17). For the case r=2s+2 we have to modify the function g

yielding (6.7), in order that our f be not only in B” but actually in C/,. To
this end we take B:=4A4 and we let

g(x) ::gs, r,n,B(x) == (1 +x)s+l lOg(l +x) _Ls+2(x)’
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where L., is a polynomial of degree s+ 2, whose derivative has s+ 1
prescribed zeros, none at x = —1 and it is so chosen that ge B" n 4V(Y)),
and satisfying (6.6) and (6.7). (See [9, p. 204] for details.) We observe that

gV(x)=a,(1+x)*", (6.9)
where a, is a constant depending only on r, and
g'(—1)#£0. (6.10)

Now, for each 0 <¢< 1, denote by T,(x) the Taylor polynomial of degree
r at the point —1+¢, and put

g(x), if x=—1+eg,
g(x) = :
T,(x), otherwise.
Evidently,
g.€Cl,
and

loe” I <llpg™( =1.
Hence by (6.8),
o (g0, 1)<2

Since

1 px
=T =+ D [ ety g0 d,

it follows by (6.9) that for xe[ —1, —1 +¢],

ja,| [~1+e

' 14+ A+ 2dt<ce" <o,
r: —1

lg(x) = T(x)| <

and
lg'(x)—T(x)| <ce" " 2<ce.

In view of (6.10), it is thus possible to select &, > 0, so that

B
Hg_ geo H <§7
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and that g, is comonotone with g. We conclude that

B
e g) Z e (g) — g — g, | > B—5 =242 o] (g7), 1).

This completes our proof. |

10.

11

12.
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